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Final Examination — December 9, 2016 Duration: 2.5 hours
This test has 8 questions on 10 pages, for a total of 80 points.

Dr C. Macdonald, Dr M. Murugan, Dr R. Balka, Dr N. Bade

• Read all the questions carefully before starting to work. Unless otherwise indicated,
give complete arguments and explanations for all your calculations as answers without
justification will not be marked.

• Continue on the back of the previous page if you run out of space, with clear indication
on the original page that your solution is continued elsewhere.

• This is a closed-book examination. No aids of any kind are allowed, including:
documents, cheat sheets, electronic devices of any kind (including calculators, phones,
etc.)
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Student-No: Section:

Signature:

Question: 1 2 3 4 5 6 7 8 Total

Points: 14 15 10 6 7 14 8 6 80

Score:

Student Conduct during Examinations

1. Each examination candidate must be prepared to produce, upon the
request of the invigilator or examiner, his or her UBCcard for identi-
fication.

2. Examination candidates are not permitted to ask questions of the
examiners or invigilators, except in cases of supposed errors or ambi-
guities in examination questions, illegible or missing material, or the
like.

3. No examination candidate shall be permitted to enter the examina-
tion room after the expiration of one-half hour from the scheduled
starting time, or to leave during the first half hour of the examina-
tion. Should the examination run forty-five (45) minutes or less, no
examination candidate shall be permitted to enter the examination
room once the examination has begun.

4. Examination candidates must conduct themselves honestly and in ac-
cordance with established rules for a given examination, which will
be articulated by the examiner or invigilator prior to the examination
commencing. Should dishonest behaviour be observed by the exam-
iner(s) or invigilator(s), pleas of accident or forgetfulness shall not be
received.

5. Examination candidates suspected of any of the following, or any
other similar practices, may be immediately dismissed from the ex-
amination by the examiner/invigilator, and may be subject to disci-
plinary action:

(i) speaking or communicating with other examination candidates,
unless otherwise authorized;

(ii) purposely exposing written papers to the view of other exami-
nation candidates or imaging devices;

(iii) purposely viewing the written papers of other examination can-
didates;

(iv) using or having visible at the place of writing any books, pa-
pers or other memory aid devices other than those authorized
by the examiner(s); and,

(v) using or operating electronic devices including but not lim-
ited to telephones, calculators, computers, or similar devices
other than those authorized by the examiner(s)(electronic de-
vices other than those authorized by the examiner(s) must be
completely powered down if present at the place of writing).

6. Examination candidates must not destroy or damage any examina-
tion material, must hand in all examination papers, and must not
take any examination material from the examination room without
permission of the examiner or invigilator.

7. Notwithstanding the above, for any mode of examination that does
not fall into the traditional, paper-based method, examination candi-
dates shall adhere to any special rules for conduct as established and
articulated by the examiner.

8. Examination candidates must follow any additional examination rules
or directions communicated by the examiner(s) or invigilator(s).
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1. (a)5 marks Suppose z = f(x, y) describes the surface of a mountain. The values of some derivatives
are known at certain points:

point fx fy fxx fyy fxy
A 0 1 4 -3 -2
B 0 0 4 3 -4
C 10 2 -5 3 2
E 0 0 -3 -3 2
F 0 0 5 5 5
G 0 0 3 4 3

For each situation, identify a suitable point and briefly explain: e.g., “X, because
it is a local minimum.” Justify your answers with calculations.

i. Mika wants to hike to point with view in every direction (where the mountain does
not obscure her view). Where should she go?

Answer: E, local max

ii. Xiaofei is a biologist who wants to re-introduce a species of frog into a wet envi-
ronment. Where is water mostly likely to form a pool?

Answer: G, local min

iii. Donnie wants to have picnic at a place where the ground is flat and dry. He thinks
a peak would be too windy. Where should he go?

Answer: B, saddle

iv. Akshat also wants to have a picnic where the ground is flat, but he likes surprises.
Where should he go?

Answer: F, tests are inconclusive

Solution: Calculate D = fxxfyy − f 2
xy for each case where fx = 0 = fy.

A: not a CP.
B: D = 4 · 3− 42 = −4 < 0: saddle.
C: not a CP.
E: D = 9− 4 > 0 and fxx < 0: local max.
F: D = 25− 25 = 0: test inconclusive, so find out when you get there.
G: D = 12− 9 = 3 and fxx > 0: local min.
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(b)2 marks Suppose f(x, y) is some function, unrelated to previous problem. At a point (x, y),
what is the maximal value of the directional derivative D~uf?

Answer: |~∇f(x, y)|

Solution: D~uf = ~∇f · ~u so we can maximize this by choosing ~u to be parallel to
~∇f . Also ~u should be a unit vector so ~u =

~∇f
|~∇f |

. Thus:

D ~∇f
|~∇f |

f = ~∇f ·
~∇f
|~∇f |

=
|~∇f |2

|~∇f |
= |~∇f |.

Note |~∇f | can have different values at different points: that’s what the rest of this
problem is about.

(c)7 marks Suppose f(x, y) is some function. Define g(x, y) = |~∇f |2 = (fx(x, y))2 + (fy(x, y))2.

i. What is ~∇g?

Solution: Use the chain rule:
gx = ∂(fx)2

∂x
+ ∂(fy)2

∂x
= 2fx

∂fx
∂x

+ 2fy
∂fy
∂x

= 2fxfxx + 2fyfxy;

gy = 2fx
∂fx
∂y

+ 2fy
∂fy
∂y

= 2fxfxy + 2fyfyy.

ii. Consider a mountain where the derivatives are fx(x, y) = exp(−x2) and fy(x, y) =
exp(−y4 + 2y2). Find the critical points of g(x, y) (no need to classify).

Answer: (x, y) = (0, 0), (0, 1) and (0,−1)

Solution: Use the previous result. Here fxy = fyx = 0 and fxx = −2xe−x
2

and fyy = (−4y3 + 4y)e−y
4+2y2

.
So gx = 2e−x

2
(−2xe−x

2
) = 0 =⇒ x = 0.

And gy = 2e−y
4+2y2

(−4y3 + 4y)e−y
4+2y2

=⇒ y(1− y2) = 0 =⇒ y = 0, 1,−1.

iii. What is the geometric interpretation (in terms of f) of the point (x, y) where
g(x, y) is maximal?

Solution: Steepest place the surface z = f(x, y).

g(x, y) measures the square of |~∇f(x, y)| which is the maximum directional
derivative at (x, y). Thus maximizing g means finding the point where the
surface z = f(x, y) is steepest: the steepest point on the mountain.
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2. (a)2 marks To find the surface area of the surface z = f(x, y) above the region D, we integrate∫∫
D
F (x, y) dA. What is F (x, y)?

Answer:
√

1 + f 2
x + f 2

y .

(b) Consider a “Death Star”, a ball of radius 2 centred at the origin with another ball of
radius 2 centred at (0, 0, 2

√
3) cut out of it. The diagram shows the slice where y = 0.

i.4 marks The Rebels want to paint part of the surface of Death Star hot pink; specifically, the
concave part (indicated with a thick line in the diagram). To help them determine
how much paint is needed, carefully fill in the missing parts of this integral:

2
√

3

z

x

(1,
√

3)

2

π
6

surface area =

∫ ∫
dr dθ.

Solution: First limits are 0 to 2π. Second limits are 0 to 1.
Equation for surface: look at the top (cutting) sphere: x2 + y2 + (z −
2
√

3)2 = 4, solve for bottom bit: z = f(x, y) := 2
√

3−
√

4− x2 − y2.
Now, need the partials zx = x√

4−x2−y2
and zy = x√

4−x2−y2
.

And we have:

∫ 2π

0

∫ 1

0

√
1 + x2

4−x2−y2 + y2

4−x2−y2 r dr dθ =

∫ 2π

0

∫ 1

0

√
4

4− r2
r dr dθ.

(Don’t forget the r for “r dr dθ”.)
Alternatively, you can use z = f(x, y) =

√
4− x2 − y2 as this will have

the same surface area.

ii.1 mark What is the total surface area of the Death Star?

Answer: 4π22 = 16π

Solution: The concave bit has the same surface area as that part of the orig-
inal sphere. So answer is just the surface area of a sphere of radius 2 (no
calculation required).
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(c)8 marks Suppose the solid interior of the Death Star has density T0, except in a cone connecting
the origin to the concave region where the density is S0. Complete this expression for
the total mass M :

T0

S0

M =

∫ ∫ ∫
T0 dρ dφ dθ

+

∫ ∫ ∫
S0 dz dr dθ

Solution:

M =

∫ 2π

0

∫ π

π
6

∫ 2

0

T0 ρ
2 sinφ dρ dφ dθ +

∫ 2π

0

∫ 1

0

∫ 2
√
3−
√
4−r2

√
3r

S0 r dz dr dθ
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3. (a)2 marks Give the formula for the linear approximate of h(x, y) near the point (x0, y0).

h(x, y) ≈

Solution: h(x, y) ≈ h(x0, y0) + hx(x0, y0)(x− x0) + hy(x0, y0)(y − y0)

(b)4 marks The equation z5 − 2z3 − x2y − 7y = −33 determines a function z = h(x, y) implicitly
where h(3, 2) = 1. Find the linear approximation of h near (x0, y0) = (3, 2).

Answer: h(x, y) ≈ 1− 12(x− 3)− 16(y− 2).

Solution: We differentiate implicitly to obtain

5z4
∂z

∂x
− 6z2

∂z

∂x
− 2xy = 0, 5z4

∂z

∂y
− 6z2

∂z

∂y
− x2 − 7 = 0

which gives
∂z

∂x
(x, y) =

2xy

5z4 − 6z2
,

∂z

∂x
(x, y) =

x2 + 7

5z4 − 6z2
.

At (x, y) = (3, 2), where z = 1, we have hx(3, 2) = −12, hy(3, 2) = −16. Therefore
the linear approximation is

h(x, y) ≈ h(3, 2) + hx(3, 2)(x− 3) + hy(3, 2)(y − 2) = 1− 12(x− 3)− 16(y − 2).

(c)4 marks The kinetic energy K of an object rotating with angular velocity ω = 3 radian per
second and moment of inertia I = 10 Kg m2 is given by K = 1

2
Iω2. However, the

moment of inertia has an error of up to ±0.1 Kg m2 and the angular velocity has an
error of up to ±0.02 radian per second. Use differentials to estimate the maximal
possible error in the computed kinetic energy K.

Answer: 1.05 Joules

Solution: We compute the differential as

dK =
1

2
ω2 dI + Iω dω.

The maximum possible error in the kinetic energy is estimated as

dK =
1

2
× 32 × 0.1 + 10× 3 × 0.02 = 1.05 Kgm2/s2 = 1.05 Joule .
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4.6 marks Match the following functions with their contour plot.

C f(x, y) = xe−x
2−y2

, J f(x, y) = sin(x)− cos(y) , E f(x, y) = 3x2 − y ,

D f(x, y) =
√

12− 4x2 − y2 , F f(x, y) = xy . A f(x, y) = x2 − y2 .

(A) (B) (C)

(D) (E) (F)

(G) (H) (I)

(J) (K) (L)
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5. (a)4 marks Let R be the region bounded on the left by x = y2−1 and on the right by x = −y2 +7.
Evaluate the integral

∫∫
R

3 dA.

R
x

y

Answer: 64

Solution: Endpoints: y2−1 = −y2 +7 gives 2y2 = 8 or y = ±2 as the intersection
points. Then ∫ 2

−2

∫ −y2+7

y2−1
3 dx dy = 3

∫ 2

−2
(−y2 + 7)− (y2 − 1) dy

= 3

∫ 2

−2
−2y2 + 8 dy

= 3 ·
(
−2

3
y3 + 8y

) ∣∣∣∣2
−2
dy

= 64

(b)1 mark What is the area of R?

Answer: 64/3

(c)2 marks Evaluate the integral ∫ 2

−2

∫ −y2+7

y2−1
y cos

(
y6
)

cos(x) dx dy =

Answer: 0, by symmetry

Solution: Note R is symmetric with respect to the x-axis and f(x, y) is odd in y.
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6. (a)8 marks Let

f(x, y, z) = e((x
2+y2+z2)3/2).

Rewrite ∫ 3

0

∫ √(9−y2)

−
√

(9−y2)

∫ √(18−x2−y2)

√
(x2+y2)

f(x, y, z) dz dx dy

using spherical coordinates. It is not necessary to evaluate.

Solution: We first express the region

E =

{
(x, y, z) :

√
(x2 + y2) ≤ z ≤

√
(18− x2 − y2),−

√
(9− y2) ≤ x ≤

√
(9− y2), 0 ≤ y ≤ 3

}
.

This region looks like “half of an ice cream cone” and can be expressed in spherical
coordinates as

E =
{

(ρ, θ, φ) : 0 ≤ ρ ≤ 3
√

2, 0 ≤ θ ≤ π, 0 ≤ φ ≤ π/4
}
.

Notice the that function f in spherical coordinates is eρ
3
. Therefore∫∫∫

E

f(x, y, z) dV =

∫ π/4

0

∫ π

0

∫ 3
√
2

0

eρ
3

ρ2 sin(φ) dρ dθ dφ

(b)6 marks Let ∫ 4

0

∫ 2−z

−2

∫ 0

−
√

4−y2

f(x, y, z) dx dy dz .

Change the order of integration to be dz dy dx.

Solution: The region of integration is the volume inside the cylindar of radius 2,
under the plane z = 2− y, above the plane z = 0, and with x ≤ 0. The integral in
the new order is given by∫ 0

−2

∫ √4−x2

−
√
4−x2

∫ 2−y

0

f(x, y, z) dz dy dx .

Alternatively, this can be done by only manipulating double integrals to permute
the order pairwise:

• Change order of outer two: dy dz to dz dy.

• Now inner two integrals are over a rectangular region so we can invoke 2D
Fubini’s Theorem. Thus we have dz dx dy.

• Change order of outer two: dx dy to dz dy dx.
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7.8 marks Calculate the volume of the region E enclosed by the paraboloid z = x2 + y2 and the
plane z = 9.

Solution: Using cylindrical coordinates E can be written as

E = {(r, θ, z) : 0 ≤ r ≤ 3, r2 ≤ z ≤ 9},

so the volume is∫∫∫
E

1 dV =

∫ 3

0

∫ 2π

0

∫ 9

r2

r dz dθ dr =

∫ 3

0

2πr(9− r2) dr = (π/2)(18r2− r4)
∣∣∣r=3

r=0
=

81π

2
.

8. Consider the planes z = 4x− 2y − 3 and z = 8x− 4y − 12.

(a)2 marks Determine the cosine of the acute angles between the two planes.

Solution:

The vectors ~n1 = 〈4,−2,−1〉 and ~n2 = 〈8,−4,−1〉 are normals to the planes. The
acute angle θ between the planes is either the angle between the normal vectors or
its complementary angle, so we have

cos θ =
|~n1 · ~n2|
|~n1||~n2|

=
41

9
√

21
.

(b)4 marks Determine the equation of the line of intersection of the two planes. Give your answer in
parametric form. At what point (x, y, z) does that line intersect with the plane x = 1?

Answer: (1,−5/2, 6)

Solution: First we find a point on the line by solving 4x− 2y− 3 = 8x− 4y− 12,
that is, 4x− 2y = 9. Thus x = 3 and y = 3/2 works, for which z = 6. This gives a
point

P = (3, 3/2, 6).

The cross product

~n1 × ~n2 =

∣∣∣∣∣∣
~i ~j ~k
4 −2 −1
8 −4 −1

∣∣∣∣∣∣ = 〈−2,−4, 0〉

is parallel to the line of intersection. Thus the parametric form is

〈x, y, z〉 = 〈3, 3/2, 6〉+ t〈−2,−4, 0〉 = 〈3− 2t, 3/2− 4t, 6〉.

Intersection bit: set 3− 2t = 1, this gives −2t = −2 or t = 1. Sub into the line and
we get the point (1,−5/2, 6).
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