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ments, cheat sheets, electronic devices of any kind (including calculators, phones, etc.)
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Student Conduct during Examinations

Bach examination condidate must be prepared o produce, upon the
request of Lhe invigilator or exariner, his o her UBCeard for identi-
fication.

Examination candidates are nol permitted to ask guestiens of the
examiners or invighators, except in cases of suppased ervors ov ambi-
guities in examination questions, illegible or missing matevial, or the
like.

No examination candidate shall be permitted to enter the examination
room after the expiration of ane-half hour from Uie scheduled starting
Lime, or to leave durtug the first bald hour of the examination. Should
the examination run forty-five (%) minutes or less, no examination
candidate shall be permitied Lo enter the exnminetion room once the
examination hias begun.

Examination candidales must conduct themselves honestly and in ac.
cordance with established rules for a given examination, which wiill
be articulated by Lhe examiner or invigilator priov to the examination
cammencing. Should dishonest behaviour be observed by the exam-
iner(s} or invigilator(s}, pleas of aecident or forgetfulness shall not be
received.

Examination candidates suspected of any of Lhe following, or any other
similar practices, may be immediately dismissed from the examination
by the exominerf/invigilator, and may be subiject Lo disciplinary ne-
Lo

speaking or comymunicaiing with other examination candidates,
mniess otherwise suthorized;

tH]

G.

(i) purposely exposing writhen papers to the view of other exami-
nation candidates or bnaging devices;

(il)  purposely viewing Lhe written papers of other exomination cane
diddates;

(v} nsing or having visible at the place of writing any books, papers
or other memory ald devices other than those authorized by the
exmuminer{s}; amd,

(v} using or operating electronic devices including bul not M-

ited to telephones, cajculators, computers, or similar devices
ather then these authorized by the examiner(s}{clectronic de-
vices other then those authorized by the examiner(s) must be
completely powered dewn i present ab the place of writing).

xamination candidates musl not destroy or damage any examination
niitterial, must hangd in all examination papers, and must not taks any
examination material from the examination roowm withoul permission
of the examiner or invigilator,

Nobwithstanding the above, for any mode of examination that does
not fall into the traditional, paper-based method, exsmination candi-
dates shall adhere Lo any special rules Tor conducet as established and
artioulated by the examiner.

Examination candidates must follow any additional examination rules
or diractions communicated by the examiner(s) or invigilator(s).
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3 marks] 1. (a) Find the equation of the tangent plane to the surface 2% + y? + 22 = 9 at the point
(2,2,1) on that surface.

‘Answer: 20+ 2y+z=9 !

Sotution: The surface is given by F(x,y, z) = @ + ¢ + 2% — 9 = 0. Since VF =
(2z, 2y, 22), the normal to the plane at the given point is VF(2, 2,1} = (4,4, 2) and
hence the tangent plane is do+-4y+22=4-24+4-24+2-1 =18, or 2o+ 2y 42 = 0.

(b) Find the equation of the tangent plane to the surface 2% + y? — 8z% = 0 at the point
{2,2,1) on that surface.

2 marks

1Ansv\fer: T4y —4z=0 ‘

Solution: The new surface is G{z,y,2) = 2 + y? — 822 = 0. Since VG =
{2z, 2y, ~16z), the normal to the plane at the given point is VI7(2,2,1) = (4,4, -16)
and hence the tangent plane is 4o +4y— 162 = 4.244-2—16-1 = 0, or 24y —42 = (.
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() T

he planes of parts (a) and (b) intersect in a line which passes through the point
(2,2,1). Write an equation for that line of intersection, in parametric form.

Answer:
AN

= 24ty

=21,

solution: The line of intersection of the two planes obeys 2 -+ 2y + »
x—+y -4z =0, from which we find 2z 4 2y
and z = 1. This gives the line z =
y o= 2 — 1.

= 9z and 22 4 2y = 8z, s0 9~
L2242y =8 Weset g =241

= 9 and
e By
(md find

{d) Find the points on the line of part (¢) which are distance 1 from (2,2, 1).

|

Answer: (2 - '\/2,,2 = \/), 1),
(2 - 72- 2 /2, 1)
j Solution: Theline is 2 =244, 4y = 2— ¢, z = 1, so the direction vector of the line
is (1, 1,0}, and the unit vectors in this direction are J(:}) —:}3, 0y. Therefore the
points that are distance 1 away are given by (2,2,1) 4 ( %, o "\71' 0).
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L1 1
R R, R

0.5% in each case. Use differentials to estimate the maximum error in the calculated
value of H.

Answer: f’;) 0

Solution: Differentiation of both sides with respect to Ry gives —R™? g]‘:i = - R%
$0 -é%% = (R/R;)?. Similarly, 5% = (R/Ry)*. For the given values, R = 1200 With
the errors .0051;, we obtain
dR = (R/Ry)*(.005R)) + (R/Ry)*(.005 Ry)
= .005R" ((1/1)* Ry -+ (1/Rs)* Ry}

. 3
= 005K R = 0051 = —.
v T
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5 marks| (b) The length @ of a side of a triangle is increasing at a vate of 3 cm/s, the length y of
- another side is decreasing at a rate of 2 cm/s, and the included angle ¢ is increasing at
a rate of 0.05 radian/s. How fast is the area of the triangle changing when = 40 cm,
y = 50 em, 6 = /67 {Recall that the area of a triangle is one half base times height.)

rAzmwer: 3(35 4 50+/3) cm/fs

Solution: A = fzysind, so

dA OAde  OAdy OAd0

it " Grdi Gyt 90 di
1 i i
= —ysinf x 34 —xsind x (—2) + Zzycosd x .05
2 2 2
With the given dimensions,

dA

P
(1/"‘22 2

1
2
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3. Let Fla,y) = (2% — D +?), for (z,y) € B2

4 marks (a) Find all critical points of F.

Answer: (0, O), (-, O).

Solution: The partial derivatives are
Fy = 22(22% — 14 9%), Fy = 2y(x* - 1).

Fo=0ife=00r 22"~ 14¢y*=0,and [, =0if y=0o0rz* ~1=0.

Ifa? —1=0in I, = 0, then one cannot have x = 0 in F, = 0, so 20% — 149 =0
in I, = 0. This implies that I 4+ y? = 0, and there is no solution.

On the other hand, if y = 0 in F, = 0, then either 2 = Qor 22> — 1 = 0in F, = 0.

R

This gives the 3 critical points: Py = (0,0}, Py = ( \}z’ 0), PPy == (—\}5 0).

3 }llﬁlnlm(m‘)] (b) Classify each critical point from part {&) as local maximum, local mininuun, or saddle
point.

Answer:  local maximum (0,0),
saddle points (7, 0).

Solution: The second partial derivatives are:
JO= 2(2:11:2 — 1+ )} + 817, Foy = 4oy, Iy = 2(:2‘;2 —1).

Thus, Foy(F) = 0 for i =1,2,3. Also, Foo () == —2, I, (P) = =2,
EoalPa) = Foua(Py) == 4, Fyy (Pa) = Fyy(Py) = =1,

Let D = Fuploy, — FZ. Then D(P) > 0 and D(F) < 0 for i = 1,2.
We conclude that Py is a local maximum, and F, P are saddle points.
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3 1]}_&_,1_{]_{_;3‘__} (¢) Find the maximum and mininum of I on the civcle {{z,y) | &% + y* = 4].
(Hint: do not use Lagrange multipliers).

!AI}SW(-)]"I meast 12, min: —4. }

Solution: We insert 2-4+-3% = 4 in the expression giving F, so that on the boundary
of D we have F(z,y) = 4(2* — 1). On the boundary, z belongs to [-2,2], so the |

maximmum of F'on the boundary is 4 % 3 == 12, and the minimum is 4. I
Ilz_nmm_kJ (d) Find the absolute maximmum and minimum of Fon D = {(z,y) | 22+ 9 < 4}. Carefully

justify each step in your answer.

JAR’lSWOIT: max: 12, min: —4

Solution:

The max/min of 7 is either attained at a local max/local min in the interior of D,
or ab the boundary. In the interior, theve is a local max Py, and (7)) = 0. There
is no local min in the interior of D. At the boundary, we have computed that the
max is 12 and the min is —4. Therefore, the absolute max of I in D is 12, and the
absclute min is —4.
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4, When a shark detects blood in the water, it will swim in the direction in which the concen-
tration of blood increases most rapidly. Suppose that the concentration of blood (in parts
per million) at a point (x,y) on the surface of seawater is given approximately by

,.‘2‘1...- 2y famd
O(CC:‘T)‘) @ (w4292 /10 )

where o and ¥ are measured in metres in a rectangular coordinate system with the blood
sowrce al the origin. The concentration is assumed not to change during the time period
under consideration.
4 marks | (a) Identify the level curves of the concentration function and sketch at least four members
- of this family of curves. Your sketch should be accurate and clearly labelled with details
carefully displayed. Accurately sketch the path that a shark would follow towards the
source 1if it starts at the point {100, 100), and explain why this is the shark’s path.

200 } ! ; T T ; z
150
160

a0

-50

-100

~156

-200 =150 -100 -G0 6 50 100 156 200

Solution: The level curves are ellipses with aspect ratio (vertical/horizontal) equal
te 2712 = 0.7. The sketch shows four such ellipses, including the one through
(100,100). The concentration of blood increases most rapidly in the direction of
the gradient, which is orthogonal to the level curves and pointing inwards. The
shark moves in the direction of the gradient, and to keep perpendicular to each
level curve, will follow the curve sketched.

=
s

(1‘::,9'100) i en l-C'v(-% Cowv C_ (. V)) hy

&
TE o

Dﬁ«t"\/ {(v'd Cpdves avt Su’\"{i""‘f € u \‘{Yﬁ i Cond e«w&v«'{) N

N eTey \‘»—5 «\*o o r-«o/\. (S “\‘/)«{9 ' é’zv\'{‘\(\" .
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777777 3w 13;}}3 {b) What is the slope of the tangent to the shark’s path as it passes through a point {x, )7
L/—}nswer: l

The slope is therefore ‘Z—f’

Solution: The shark moves in the direction of the gradient V' =

|

2 marksl (¢) Suppose the shark starts at the point (100, 100). Its path after it has swum to the origin

is given by y = f(x), for some function f. Determine this function f by first setting £

dy

cgual to the slope found in part (b}, and then solving this differential equation.

Answer:

Y=

1,2
T

dy 2y

Solution: The equation 5% = 2% can be written as ;-Lriy
then gives .1' iy =Ine-+C, ory=cz? for some ¢. We c,hoo,so

to contain (IOO 100), so the shark follows the curve y =
i

2 (‘Z’I?, a, nd integration

— {pr the curve
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5. (a) Let D be the bounded planar region enclosed by the hyperbola o? —y* = 1 and the line
gy o= —2x -+ 2, Give a careful sketch of the region D, with all relevant details labelled.

Solution:

(b} Write the integral [ [, ydA as an iterated integral. Do not evaluate the integral.

3 marks

Answer:

/-(} / 1= -;}y
AAAAAAAA ydady
- {;— - ,\/14‘.@,2

Solution: First we compute the points of intersection hetween the curves 22 —y? =

Land v = =22 4+ 2. We substitute y = —2¢ 4 2 in the first equation to get

o T . . 3. . r - .
3a? — 8245 = 0. Solutions are given by @ = 22 ie. @ = 2 and @ = 1. The points
of intersection are (1,0) and (3, —g) The region D is of Type 11 {or Type 1), and

we can write O = {(x,y)] — i <y <0, \/.'— byt <a <l é?}'} Thus we have:

. 0 pl-dy
YdA = / o Ydady.
'/ '/J') . f% . \/1—;—:1]2

(M
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2 marks| (¢) Bvaluate I == [ [ ydA.

Answer: — 5‘3;
{

Solution:

0 plegy 0 emiedy X 1. 9 e
1 = / /  ydxdy = / ym’ by = / (y — ~v)dy — / y\/ 1+ y2dy
Jos S e R N S 2 Jo1
1, 1.

2 2 104 98 2
310 . 25510
Z — 12 450, = e =
[2!} 6?/ ]j ( f Y )‘QL{ Q1 - 2] 97
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3 1'31211;1§§J 6. (a) The average of a function f{z,y) on a planar region D s given by the formula [ =
"}{?ééijfﬁj") [ [, fdA. Find the average distance between a point lying inside a circle of
radius 1 and the centre of the circle.

Answer: %

Solution: Weuse polar coordinates and write D = {{r, 8} | 0 < 6 < 2x,0 < < 1}
The area of D is . The average distance of a point lying inside the circle is given

hy:
]7 2 al l <20 ) 1 [y
- / / rerdrdd = / ‘ET‘Bl b = %
T Jo  Jo T Jg 3 o 3
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ill}i;];lif’j (b} Consider the planar region I = {{z,y) | 2 > 0, (x —~ 1)? +¢* > 1, 2% + y* < 4}. Sketch
the region [ and describe it in polar coordinates,

BSolution: Let 5; be the circle of radius 2 and centre (0,0}, and let S; be the circle
of radiug 1 and centre (1,0). In polar coordinates S has equation r = 2, and S»
has equation v == 2 cos#. The condition that = > 0 translates as —12 <0< 5. Thus

T mw
*2; =, 2c080 <y < 2%,

D= {(r,0)] :

<0<

2 1’1’1&1.1:']_@} (¢) Using any method, compute the area of I,

[ Answer:

Solution: Solution 1:

= 2m 2 / * 9 cos? 00
2eos

E a9 E .
) 21 .12
/ / rdrdl = / ~y?
L5 S 2eos 0 = 2 4B

= 2 — 2 /2 (14 cos(20))d0 = 27 — 2]6 + é 511'3(20)](?
Jo

I

.

Soiution 2: The area is the area of Lalf the big circle minus the area of the small
crcle, so 1n2? — w1? = 7,

¥

1|
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B 13&12{5] . (a) Find the area of the portion of the cone z* == 2” -+ ¢* lying between the planes z = 2

and z = 3.

Answer: b/2n

Solution: The top half of the cone is given by z = -\/ 22 - 2, and

Oz _ oz y

dx 2 Oy =z

The portion of interest sits above the annulus D given by 22 < 2% 4 ¢* < 37

3%, 80
: 1/2
f 92\ 82\ "
A= 1+ - = 1A
(LG -G))
S wN\E [y 2>l/2
- L () (2 dA
/ /( (,3) (Z)

//(~) dAm\/ﬁ//dA
D J Jp
Oi%s M 1 ) B
= \/5/ / rdrdf = \/2(27}")57*2[3 = 5/ 27,
Jo S

Or instead, at the end, use [ [, dA equals the area of D which is 73% — 722
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5 marks]| (b) Find the centre of mass of a triangular lamina with vertices (0,0, (1,0) and (0,1} and

density p(x,y) = @+ y.

Answer: M = (1 - (f’) ;)

Solution: The mass is

1 ; ] --
I o\l
M = / / y)dyda = / <a:y + ;—-gf) dax
0 0 S0 ‘2 =)
3 - - i
1 1 ] 1
- o= | = ? = —
LG )~ a7l
Also,
1 | e
Mz —/ / (2 4+ y)dyda g/ (a Yy - -’LU) da:
0 Q 0 2 ys={)

Therefore & = {1/8)/(1/3) = 2. By symmetry, § = 2.
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= /// R V.
= { |} ] e V.
B \/3 Fy? o 22

| Answer: 7.

solution: We use spherical coordinates:

o e/l
/ / ] - --p sin gdpd g
¢ Jo 0

5 ]EI{E}S?M (k ) Let E be the solid region inside the sphere 2% 4y
= 2(z? 4+ 47). Evaluate the integral I = [ [ { zdV.

Answer:

2.4 2% = 5 and above the paraboloid

Solution: We use cylindrical coordinates:

Y = e g
I = / / / 2dzrdrdl = ~ / / (5 — 7% — 4rHYrdrdd
o Jo Jo? 2J)e Jo
1 25 5 - I
- / (ﬂ,rz _ 17,,4 - f‘ir()
5, \2" T4 76

0
2 4 o,
= i / ‘;QdO _ BW
2 o 12 12

df
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5 mar ks] (¢} Completely reverse the order of integration and evalnate 1 = j[} [ f e dzds yda.

Answer: (e~ 1)

G

Solution: The region of integration is £ = {{myy,2)  0<a<y<z< 1}, and

-] % 4
/// PV = / / f ¢ dadydz / / ye© dydz
0 0 o Jo
1

~;2-/U z22e* cl/~-"-6;f.. )“{((ml)







