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Why would coding be a good idea ?

@ Instead of a complicated group action we get a shift action.
@ If the coding is “good”, dynamical properties are preserved.

@ Easier to describe, run algorithms, etc.




Why would coding be a good idea ?

@ Instead of a complicated group action we get a shift action.
@ If the coding is “good”, dynamical properties are preserved.

@ Easier to describe, run algorithms, etc.

If X is a Cantor space and T is an expansive action then (X, T) is
conjugate to a symbolic system (a subshift).
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» G is a countable group.

» Ais a finite alphabet. Ex : A ={0,1}.

» AC is the set of configurations, x : G — A

> 0: G x A® — AC is the left shift action given by :

o(h,x)g == ah(x)g = Xp-1g-

Definition : full G-shift

The pair (A®, o) is called the full G-shift.
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Definition : G-subshift

X C A€ is a subshift if and only if it is invariant under the action
of o and closed for the product topology on A€.




Definition : G-subshift
X C A€ is a subshift if and only if it is invariant under the action
of o and closed for the product topology on A€.

Examples :

» X = {X € {0,1}# | no two consecutive 1's in x}

» X = {x € {0,1}¢ | finite CC of 1's are of even Iength}



Luckily, subshifts can also be described in a combinatorial way.
o A pattern is a finite configuration, i.e. p € AF where F C G
and |F| < oo. We denote supp(p) = F.
o A cylinder is the set [a], := {x € A® | x; = a}.
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Luckily, subshifts can also be described in a combinatorial way.
o A pattern is a finite configuration, i.e. p € AF where F C G
and |F| < oo. We denote supp(p) = F.
o A cylinder is the set [a], := {x € A® | x; = a}.

[p] == m [Pele-

gesupp(p)

Proposition

A subshift is a set of configurations avoiding patterns from a set F.

X=Xr=A\ |J o%(n))

geG,peF




Example in Z? : Hard-square shift

Example : Hard-square shift. X is the set of assignments of Z2
to {0, 1} such that there are no two adjacent ones.




Example : one-or-less subshift

Example : one-or-less subshift.

X1 :={x€{0,1}° |0 ¢ {xy,x,} = u=v}.




Example : Fibonacci in F;.
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Example : Wang tiling

A subshift defined by Wang tiles : two tiles can be put next to
each other only their adjacent colors match.

X
IXIXIXTXIX XXX

XX XIXIX XXX D

X1 X1 D
DX X
X 4 K

TXXX XX XX X2
XXX TIXIX XX XX
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Definition : subshift of finite type (SFT)

A subshift of finite type (SFT) is a subshift that can be defined by
a finite set of forbidden patterns.

» A simple class with respect to the combinatorial definition
» 2D-SFT = Wang tilings.
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Strongly aperiodic subshifts

Definition (Strongly aperiodic subshift)

A subshift X C AC is strongly aperiodic if all its configurations
have trivial stabilizer

Vx € X,Vg € G, 08(x) =x =g =1¢.

Proposition

Every 1D non-empty SFT contains a periodic configuration.

Theorem (Berger 1966, Robinson 1971, Kari & Culik 1996, Jeandel

& Rao 2015)
There exist strongly aperiodic SFTs on Z?.




Example of strongly aperiodic Z?-SFT : Robinson tileset

The Robinson tileset, where tiles can be rotated.

e e
L



i)
(D]
(0]

Q
=
c
(@)
(0]
=
0
@)
o
T
L
wn
2_
N
L
e)
(@)
=
(9]
o
T
=
a0
=
(©)
Pk
)
(0]
(.
(@)
Q9
o
£
L]
X
Ll

A
Wl_v>A_I>I_VA_I>I_v>A_I>I_
A__>._V_UVA_T__>._V
NG DN QD) NG SN NQ P NG SN NQP) NEN|
o8 Pas v v v v I
B P e Py
%HHVHITHHV
GON NG PR EGSE NYPY NASN NQ Pl NaSN|
V) 4 VY VYV A GAS DRSS
| ~ AN AL AL AL LA
cenlidbinsenidpinsenidbinsen!
PR a: TS 4t
[N BE QP @ DN QPN NE SN NQP) NS
58 D as v e v R
e e e =
L_m IAGSLSSRQ RGPS PRRGAGAL DERT
u\.<Jm._Lﬁu_l Lﬁu_l Lﬁu_l ) |
m.l_v>A_|>l_ noen el nown|
3 BT C 3 I BTN | C
| NG BN LC) | & SN LR
o8 Pas v v v v a8 2 e
=5 3 5 83
Lm mansemie 3 ¢
W.LZ_I<|_ masN N Py NasN|
)
oA
WF_VA_|>|_ inwenldbinven|
3t H-t I -
NG SN NQ Py NG SN |G DN NQ Py NG SN
58 B as v v v v 88 B a)
o Y s o3 e
L_m MBS SERE PR RAAGSLDERG
W.va_|<|_ [ NaANNQSN NasN
VY




Some recent results

» If G is r.p. with a strongly aperiodic SFT, then G has
decidable WP (Jeandel, 2015).




Some recent results

» If G is r.p. with a strongly aperiodic SFT, then G has
decidable WP (Jeandel, 2015).

» If G has at least two ends, then it has no strongly aperiodic
SFTs (Cohen, 2015)




Some recent results

» If G is r.p. with a strongly aperiodic SFT, then G has
decidable WP (Jeandel, 2015).

» If G has at least two ends, then it has no strongly aperiodic
SFTs (Cohen, 2015)

» Generalization of Kari's construction to some G x Z (Jeandel,
2015).




Some recent results

» If G is r.p. with a strongly aperiodic SFT, then G has
decidable WP (Jeandel, 2015).

» If G has at least two ends, then it has no strongly aperiodic
SFTs (Cohen, 2015)

» Generalization of Kari's construction to some G x Z (Jeandel,
2015).

» Discrete Heisenberg group (Sahin, Schraudner & Ugarcovici,
2015).




Some recent results

» If G is r.p. with a strongly aperiodic SFT, then G has
decidable WP (Jeandel, 2015).

» If G has at least two ends, then it has no strongly aperiodic
SFTs (Cohen, 2015)

» Generalization of Kari's construction to some G x Z (Jeandel,
2015).

» Discrete Heisenberg group (Sahin, Schraudner & Ugarcovici,
2015).

» Surface groups (Cohen & Goodman-Strauss, 2015).




Some recent results

» If G is r.p. with a strongly aperiodic SFT, then G has
decidable WP (Jeandel, 2015).

» If G has at least two ends, then it has no strongly aperiodic
SFTs (Cohen, 2015)

» Generalization of Kari's construction to some G x Z (Jeandel,
2015).

» Discrete Heisenberg group (Sahin, Schraudner & Ugarcovici,
2015).

» Surface groups (Cohen & Goodman-Strauss, 2015).

» groups Z? x H where H has decidable WP (B & Sablik,
2016).




Some recent partial results

It is not obvious to come up with examples of aperiodic subshifts
in general groups even if no restrictions are supposed on the list of
forbidden patterns.

Question by Glasner and Uspenskij 2009

Is there any countable group which does not admit any non-empty
strongly aperiodic subshift on a two symbol alphabet ?




Some recent partial results

It is not obvious to come up with examples of aperiodic subshifts
in general groups even if no restrictions are supposed on the list of
forbidden patterns.

Question by Glasner and Uspenskij 2009

Is there any countable group which does not admit any non-empty
strongly aperiodic subshift on a two symbol alphabet ?

Theorem by Gao, Jackson and Seward 2009
No. All do.

And their proof is a quite technical construction.
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However ! It is possible to show the same result by using tools from
probability and combinatorics.

Theorem by Aubrun, B, Thomassé
No. All do.

But now the proof is short. It uses the asymmetrical version of
Lovasz Local Lemma.



Lovasz Local Lemma

Lovész Local Lemma (Asymmetrical version)

Let & := {A1,A2,...,A,} be a finite collection of measurable sets
in a probability space (X, u, B). For A € &, let ['(A) be the
smallest subset of o7 such that A is independent of the collection
o/ \ ({A} UT(A)). Suppose there exists a function x : &/ — (0,1)
such that :

VA e o : pu(A H (1 —x(
Ber(A)

then the probability of avoiding all events in o7 is positive, in
particular :

u(X\LnJA,->> H(l—x )) > 0.

Acd




Lovasz Local Lemma applied to subshifts

A sufficient condition for being non-empty

Let G a countable group and X C A€ a subshift defined by the set
of forbidden patterns F = J,>1 Fn, where F, C A" Suppose
that there exists a function x : N x G — (0, 1) such that :

VneN,g e G, u(Ang) < x(n,g) H (1 — x(k, h)),
gSnNhS#D
(k,h)#(n.g)
where A, ; = {x € AC : x|gs, € ]-',,} and y is any Bernoulli
probability measure on AC. Then the subshift X is non-empty.




Proof of the theorem

We say x € {0,1}€ has the distinct neighborhood property if for
every h € G\ {1} there exists a finite subset T C G such that :

VgeG: X’ghT #* X|gT-



Proof of the theorem

We say x € {0,1}€ has the distinct neighborhood property if for
every h € G\ {1} there exists a finite subset T C G such that :

VgeG: X’ghT #* X|gT-

Proposition

If x has the distinct neighborhood property then orb,(x) is
strongly aperiodic.




Proof of the theorem

It suffices to show that there is x € {0,1}¢ with the distinct
neighborhood property.



Proof of the theorem

It suffices to show that there is x € {0,1}¢ with the distinct
neighborhood property.

Ingredients

» A constant C € N.

» An enumeration si,sy,... of G.

» (T;)ien a sequence of finite subsets of G such that for every
ieN, T;NsTi=0and |T;|=C-i.

The uniform Bernoulli measure p

A = {Angln>1,gc6

Ang = {x € {0,1} | x|g7, = x[gs, 7.}

>
>
>

Cn
> x(Ang) =272

Proof : On the blackboard.



We have shown :

Every countable group has a non-empty, strongly aperiodic subshift
on the alphabet {0, 1}.




We have shown :

Every countable group has a non-empty, strongly aperiodic subshift
on the alphabet {0, 1}.

But we can show something more :

Theorem (Aubrun, B, Thomassé)

Every finitely generated group G with decidable word problem has
a non-empty, effectively closed strongly aperiodic subshift.
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x:V — A. We say it is square-free if for every odd-length path
p = Vvi...vy, then there exists 1 < j < n such that
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Square-free vertex coloring

Square-free vertex coloring

Let G = (V, E) be a graph. A vertex coloring is a function
x:V — A. We say it is square-free if for every odd-length path
p = Vvi...vy, then there exists 1 < j < n such that

x(vj) # x(Vjtn)-

Cs has a square-free vertex coloring with 4 colors, but not with 3.
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Square-free vertex coloring

For our purposes, we are interested in coloring infinite graphs. This
can not always be done with a finite number of colors : Ky.

Theorem : Alon, Grytczuk, Haluszczak and Riordan

Every finite graph with maximum degree A can be colored with
2e'®A? colors.

It is possible to adapt the proof in order to obtain the following :
Let G be a group which is generated by a finite set S and let
M(G,S)=(G,{{g.gs},g € G,s € S}) be its undirected right
Cayley graph.

G admits a coloring of its undirected Cayley graph I'(G, S) with
219512 colors.
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Let |A| > 29S| and X C A be the subshift such that every
square in (G, S) is forbidden.

The previous result implies that X # 0.

Let g € G such that 08(x) = x for some x € X.

Factorize g as uwv with u = v~1 and |w| minimal (as a word
on (SUS™H*). If [w| =0, then g = 1¢.

If not, let w = wy ... w, and consider the odd length walk

T =VVi...Van—1 on [(G,S) defined by :

1c ifi=0
Vi=<dwy...w; ifie{l,...,n}
wwi ... wi—, ifi€{n+1,...,2n—1}

One can prove that 7 is a path. and that x,, = x,,,,. Yielding
a contradiction.



The proof idea

Let |A| > 29S| and X C A be the subshift such that every
square in (G, S) is forbidden.

@ The previous result implies that X # 0.

o Let g € G such that 08(x) = x for some x € X.

e Factorize g as uwv with u = v~ and |w| minimal (as a word
on (SUS™H*). If [w| =0, then g = 1¢.

o If not, let w = wy ... w, and consider the odd length walk
T =VVi...Van—1 on [(G,S) defined by :

1c ifi=0
Vi=<dwy...w; ifie{l,...,n}
wwi ... wi—, ifi€{n+1,...,2n—1}

One can prove that 7 is a path. and that x,, = x,,,,. Yielding
a contradiction.

Therefore, g = 1¢.
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Theorem (Aubrun, B, Thomassé)

Every finitely generated group with decidable word problem admits
a non-empty, effectively closed, strongly aperiodic subshift.

Putting it together with a result from Jeandel we get :

Let G be a recursively presented group. There exists a non-empty
effectively closed strongly aperiodic G-subshift if and only if the
word problem of G is decidable.
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simulation theorem (A generalization of Hochman's result from
2008). We can prove the following :



Applications

Another application is producing strongly aperiodic SFTs. Using a
simulation theorem (A generalization of Hochman's result from
2008). We can prove the following :

Theorem (B, Sablik (2017))

Let G be a finitely generated group with decidable word problem.
Then Z% x G admits a non-empty strongly aperiodic SFT.




Thank you for your attention !



